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FAVARD, BAXTER, GERONIMUS, RAKHMANOV, SZEGO¨ AND
THE STRONG SZEGO¨ THEOREMS FOR ORTHOGONAL
TRIGONOMETRIC POLYNOMIALS
ZHIHUA DU
Abstract. In this paper, we obtain some analogs of Favard, Baxter, Geron-
imus, Rakhmanov, Szego¨ and the strong Szego¨ theorems appeared in the theory
of orthogonal polynomials on the unit circle (OPUC) for orthogonal trigono-
metric polynomials (OTP). The key tool is the mutual representation theorem
for OPUC and OTP.
1. Introduction and Preliminaries
In [1], to investigate Riemann-Hilbert analysis, the author and his collaborator
established a mutual representation theorem for OPUC and OTP which relates
the isolated two classes of orthogonal polynomials and gave four-term recurrence,
Christoffel-Darboux formula and some properties of zeros for OTP as its applica-
tions. In fact, by the mutual representation theorem and the theory of OPUC,
we can get more analogous results appeared in the theory of OPUC for OTP such
as Favard, Baxter, Geronimus, Rakhmanov, Szego¨ and the strong Szego¨ theorems,
which is the theme of the present paper. To do so, we need to introduce some
notations as in [1].
Let D be the unit disc in the complex plane, ∂D be the unit circle and µ be a
nontrivial probability measure on ∂D (i.e., with infinity support, nonnegative and
µ(∂D) = 1). Throughout, by decomposition, we always write
dµ(τ) = w(τ)
dτ
2πiτ
+ dµs(τ), (1.1)
where τ ∈ ∂D, w(τ) = 2πiτdµac/dτ and dµs is the singular part of dµ.
Introduce two inner products, one is complex as follows
〈f, g〉C =
∫
∂D
f(τ)g(τ)dµ(τ) (1.2)
with norm ||f ||C = [
∫
∂D
|f(τ)|2dµ(τ)]1/2, where f, g are complex integrable func-
tions on ∂D. The other is
〈f, g〉R =
∫
∂D
f(τ)g(τ)dµ(τ), (1.3)
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with norm ||f ||R = [
∫
∂D
|f(τ)|2dµ(τ)]1/2, where f, g are real integrable functions on
∂D.
By the complex inner product (1.2), applying Gram-Schmidt procedure to the
following system
{1, z, z2, . . . , zn, . . .},
where z ∈ C, we get the unique system {Φn(z)} of monic orthogonal polynomials
on the unit circle with respect to µ satisfying
〈Φn,Φm〉C = κ
−2
n δnm with κn > 0. (1.4)
Then the orthonormal polynomials ϕn(z) on the unit circle satisfy
〈ϕn, ϕm〉C = δnm and ϕn(z) = κnΦn(z). (1.5)
For any polynomial Qn of n order, its reversed polynomial Q
∗
n is defined by
Q∗n(z) = z
nQn(1/z). (1.6)
One famous property of OPUC is Szego¨ recurrence [6], i.e.,
Φn+1(z) = zΦn(z)− αnΦ
∗
n(z), (1.7)
where αn = −Φn+1(0) are called Verblunsky coefficients. It is well known that
αn ∈ D for n ∈ N∪ {0}. By convention, α−1 = −1 (see [4]). Szego¨ recurrence (1.7)
is extremely useful in the theory of OPUC. Especially, Verblunsky coefficients play
an important role in many problems for OPUC.
Using the real inner product (1.3) and Gram-Schmidt procedure to the following
over R linearly independent ordered set{
1,
z − z−1
2i
,
z + z−1
2
, . . . ,
zn − z−n
2i
,
zn + z−n
2
, . . .
}
, (1.8)
where z ∈ C \ {0}, we get the unique system
{1, b1π1(z), a1σ1(z), . . . , bnπn(z), anσn(z), . . .} (1.9)
of the first “monic” orthogonal Laurent polynomials on the unit circle with respect
to µ fulfilling (see [1])
〈πm, σn〉R = 0, 〈πm, πn〉R = 〈σm, σn〉R = δmn, m, n = 1, 2, . . . (1.10)
and
anσn(z) =
zn + z−n
2
− βnbnπn(z)− ınan−1σn−1(z)− nbn−1πn−1(z) + lower order
(1.11)
as well as
bnπn(z) =
zn − z−n
2i
− ςnan−1σn−1(z)− ζnbn−1πn−1(z) + lower order, (1.12)
where an, bn > 0, which are respectively the norms of the “monic” orthonormal
Laurent polynomials given by right hand sides of (1.11) and (1.12),
βn = 〈
zn + z−n
2
, b−1n πn〉R, (1.13)
ın = 〈
zn + z−n
2
, a−1n−1σn−1〉R, n = 〈
zn + z−n
2
, b−1n−1πn−1〉R (1.14)
and
ςn = 〈
zn − z−n
2i
, a−1n−1σn−1〉R, ζn = 〈
zn − z−n
2i
, b−1n−1πn−1〉R. (1.15)
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Throughout, as a convention, take σ0 = 1, π0 = 0 and β0 = 0 as well as
a0 = b0 = 1.
In deed, identifying the unit circle with the interval [0, 2π) via the map θ → eiθ,
we get the first orthonormal trigonometric polynomials πn(θ) and σn(θ) for the
linearly ordered trigonometric system
{1, sin θ, cos θ, . . . , sinnθ, cosnθ, . . .} (1.16)
by the above process when z = eiθ, θ ∈ [0, 2π).
With above preliminaries, the relations of OTP and OPUC is stated by the
following theorem.
Theorem 1.1 (Mutual Representation [1]). Let µ be a nontrivial probability mea-
sure on the unit circle ∂D = {z : |z| = 1}, {1, πn, σn} be the unique system of
the first orthonormal Laurent polynomials on the unit circle with respect to µ, and
{Φn} be the unique system of the monic orthogonal polynomials on the unit circle
with respect to µ. Then for any z ∈ C and n ∈ N,
Φ2n−1(z) = z
n−1[anσn(z) + (βn + i)bnπn(z)] (1.17)
and
κ22nΦ
∗
2n(z) =
1
2
zn[a−1n (1 + βni)σn(z)− ib
−1
n πn(z)], (1.18)
where κ2n is the leading coefficient of the orthonormal polynomial of order 2n on
the unit circle with respect to µ and κ2n = ‖Φ2n‖
−1
C
, and an, bn, βn are given by
(1.11)-(1.13).
Set Λn = −
1
2 [a
−2
n (1 + β
2
n) + b
−2
n ]i, from (1.17) and (1.78), we obtain
Theorem 1.2.
anσn(z) = −
1
2
z−n[Λ−1n b
−2
n izΦ2n−1(z)− (1− βni)Φ
∗
2n(z)] (1.19)
and
bnπn(z) = −
1
2
z−n[Λ−1n a
−2
n (1 + βni)zΦ2n−1(z)− iΦ
∗
2n(z)] (1.20)
hold for n ∈ N and z ∈ C \ {0}.
As some consequences, we have (see [1])
Theorem 1.3.
κ22n =
1
4
[a−2n (1 + β
2
n) + b
−2
n ] (1.21)
for n ∈ N ∪ {0}.
Theorem 1.4.
α2n−1 =
1
4
κ−22n [b
−2
n − a
−2
n (1− β
2
n)]−
1
2
κ−22n a
−2
n βni (1.22)
and
α2n−2 =
1
2
(ın − ζn + βn−1ςn)−
1
2
(n + ςn − βn−1ın)i (1.23)
for n ∈ N.
Proof. (1.22) is referred to [1]. (1.23) follows from (1.11), (1.12), (1.17) and the
fact α2n−2 = −Φ2n−1(0). 
Since κ2n/κ
2
n+1 = 1− |αn|
2 for n ∈ N ∪ {0}, by Theorem 1.3 and 1.4, we get
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Theorem 1.5.
κ22n−1 = [a
2
n + b
2
n(1 + β
2
n)]
−1 (1.24)
for n ∈ N.
Therefore, by (1.21) and (1.24), we obtain
Theorem 1.6.
lim
n→∞
anbn =
1
2
exp
( 1
2πi
∫
∂D
logw(τ)
dτ
τ
)
(1.25)
and
lim
n→∞
[a2n + b
2
n(1 + β
2
n)] = exp
( 1
2πi
∫
∂D
logw(τ)
dτ
τ
)
. (1.26)
Proof. Note that [6, 4]
lim
n→∞
κ−2n = exp
( 1
2πi
∫
∂D
logw(τ)
dτ
τ
)
, (1.27)
then (1.26) follows from (1.24) while (1.25) follows from
κ22n−1κ
2
2n =
1
4
a−2n b
−2
n (1.28)
by (1.21) and (1.24). 
In addition, we also have
Theorem 1.7.
[a−2n (1 + β
2
n) + b
−2
n ][a
2
n+1 + b
2
n+1(1 + β
2
n+1)]
+ (ın+1 − ζn+1 + βnςn+1)
2 + (n+1 + ςn+1 − βnın+1)
2 = 4 (1.29)
for n ∈ N ∪ {0}.
Proof. It immediately follows from (1.21), (1.23) and (1.24) since κ22n/κ
2
2n+1 =
1− |α2n|
2 for n ∈ N ∪ {0}. 
2. Analogous Theorems for Orthogonal Trigonometric Polynomials
In present section, some analogous theorems appeared in the theory of OPUC
for orthogonal trigonometric polynomials are discussed such as Favard, Baxter,
Geronimus, Rakhmanov theorems and so on [4, 5].
2.1. Favard Theorem. We begin with an OTP version of Favard Theorem. Favard
theorem for orthogonal polynomials on the real line is about the orthogonality of
a system of polynomials which satisfies a three-term recurrence with appropriate
coefficients [2, 3]. Its version of OPUC is called Verblunsky theorem and well known
[4], that is, if {α
(0)
n }∞n=0 is a sequence of complex numbers in D, then there exists
a unique measure dµ such that αn(dµ) = α
(0)
n , where αn(dµ) are the associated
Verblunsky coefficients of dµ.
For orthogonal trigonometric polynomials, by Verlunsky theorem, Theorem 1.3,
1.4 and 1.7, we have
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Theorem 2.1 (Favard theorem for OTP). Let {(a
(0)
n , b
(0)
n , β
(0)
n )}∞n=0 with a
(0)
0 , b
(0)
0 =
1 and β
(0)
0 = 0 be a system of three-tuples of real numbers satisfying
[(a(0)n )
2 + (b(0)n )
2(1 + (β(0)n )
2)][(a
(0)
n+1)
2 + (b
(0)
n+1)
2(1 + (β
(0)
n+1)
2)] < 4(a(0)n )
2(b(0)n )
2
(2.1)
with a
(0)
n , b
(0)
n > 0 for n ∈ N ∪ {0}, then there exists a nontrivial probability mea-
sure dµ on ∂D such that an(dµ) = a
(0)
n , bn(dµ) = b
(0)
n and βn(dµ) = β
(0)
n , where
an(dµ), bn(dµ), βn(dµ) are associated coefficients of dµ defined by (1.11)-(1.13).
Proof. For n ∈ N ∪ {0}, define
κ
(0)
2n =
1
2
[
(a(0)n )
−2
(
1 + (β(0)n )
2
)
+ (b(0)n )
−2
] 1
2
(2.2)
and
κ
(0)
2n+1 =
[
(a
(0)
n+1)
2 + (b
(0)
n+1)
2
(
1 + (β
(0)
n+1)
2
)]− 12
. (2.3)
Let
α
(0)
2n−1 =
1
4
(κ
(0)
2n )
−2
[
(b(0)n )
−2 − (a(0)n )
−2
(
1− (β(0)n )
2
)]
−
1
2
(κ
(0)
2n )
−2(a(0)n )
−2(β(0)n )i,
(2.4)
then α
(0)
2n−1 ∈ ∂D since∣∣∣α(0)2n−1∣∣∣2 = (κ
(0)
2n )
4 − 14 (a
(0)
n )−2(b
(0)
n )−2
(κ
(0)
2n )
4
(2.5)
and a
(0)
n , b
(0)
n > 0. Note that (2.1) is equivalent to
κ
(0)
2n
κ
(0)
2n+1
< 1. (2.6)
Arbitrarily choose a sequence {α
(0)
2n }
∞
n=0 such that∣∣∣α(0)2n ∣∣∣ =
√
1− (κ
(0)
2n )
2
/
(κ
(0)
2n+1)
2 (2.7)
and fix it, then α
(0)
2n ∈ ∂D for n ∈ N ∪ {0} by (2.6).
Therefore, for the fixed sequence {α
(0)
n }∞n=0, by Verblunsky theorem, there exists
a unique nontrivial probability measure dµ on ∂D such that
αn(dµ) = α
(0)
n (2.8)
for n ∈ N ∪ {0}. Then for n ∈ N ∪ {0},
κn(dµ) = κ
(0)
n (2.9)
since κn(dµ) =
∏n−1
j=0 (1− |αj(dµ)|
2)−
1
2 (see [4]).
Suppose that {Φn(dµ, z)}
∞
n=0 is the sequence of monic orthogonal polynomials
on the unit circle with respect to dµ, set
Σn(z) = −
1
2
z−n[(Λ(0)n )
−1(b(0)n )
−2izΦ2n−1(dµ, z)− (1− β
(0)
n i)Φ
∗
2n(dµ, z)] (2.10)
and
Πn(z) = −
1
2
z−n[(Λ(0)n )
−1(a(0)n )
−2(1 + β(0)n i)zΦ2n−1(dµ, z)− iΦ
∗
2n(dµ, z)] (2.11)
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for n ∈ N and z ∈ C \ {0}, where Λ
(0)
n = −
1
2
[
(a
(0)
n )−2
(
1 + (β
(0)
n )2
)
+ (b
(0)
n )−2
]
i.
Obviously,
Λ(0)n = −2(κ
(0)
2n )
2i. (2.12)
By Szego¨ recurrence and (2.8),
zΦ2n−1(dµ, z) = Φ2n(dµ, z) + α
(0)
2n−1Φ
∗
2n−1(dµ, z). (2.13)
Hence by the orthogonality of Φn(dµ, z) and Φ
∗
n(dµ, z) (see [4]), we get
〈z±j ,Σn〉R = 〈z
±j,Πn〉R = 0, j = 0, 1, . . . , n− 1. (2.14)
Moreover,
〈zn,Σn〉R = (a
(0)
n )
2α
(0)
2n−1 +
1
2
(κ
(0)
2n )
−2(1− β(0)n i), (2.15)
〈z−n,Σn〉R = (a
(0)
n )
2, (2.16)
〈zn,Πn〉R = (b
(0)
n )
2(β(0)n − i)α
(0)
2n−1 +
1
2
(κ
(0)
2n )
−2i, (2.17)
and
〈z−n,Πn〉R = (b
(0)
n )
2(β(0)n − i) (2.18)
follow from (2.9), (2.12) and the fact ||Φn(dµ)||
2
R
= ||Φ∗n(dµ)||
2
R
= [κn(dµ)]
−2
as
well as (κ
(0)
2n−1)
2(κ
(0)
2n )
2 = 14 (a
(0)
n )−2(b
(0)
n )−2. By (2.4),
α
(0)
2n−1 − 1 = −
1
2
(κ
(0)
2n )
−2(a(0)n )
−2(1 − β(0)n i) (2.19)
and
α
(0)
2n−1+1 =
1
2
(κ
(0)
2n )
−2
[
(a(0)n )
−2(β(0)n )
2+(b(0)n )
−2
]
+
1
2
(κ
(0)
2n )
−2(a(0)n )
−2β(0)n i. (2.20)
So
〈
zn + z−n
2
,Σn〉R = (a
(0)
n )
2, 〈
zn − z−n
2i
,Πn〉R = (b
(0)
n )
2 (2.21)
and
〈
zn − z−n
2i
,Σn〉R = 0 (2.22)
as well as
〈
zn + z−n
2
,Πn〉R = (b
(0)
n )
2β(0)n . (2.23)
In addition, by straight calculations, it is easy to check that the coefficients of
zn and z−n in Πn(z) are respectively
1
2i and −
1
2i whereas both of ones in Σn(z)−
β
(0)
n Πn(z) are
1
2 . Note that (2.14) and (2.22), this fact means that Σn(z) and Πn(z)
are just the first“monic” orthogonal Laurent polynomials on the unit circle with
respect to dµ, i.e.,
Σn(z) = an(dµ)σn(dµ, z) and Πn(z) = bn(dµ)πn(dµ, z). (2.24)
Since
〈an(dµ)σn(dµ), an(dµ)σn(dµ)〉R = a
2
n(dµ), (2.25)
〈bn(dµ)πn(dµ), bn(dµ)πn(dµ)〉R = b
2
n(dµ) (2.26)
and
〈
zn + z−n
2
, bn(dµ)πn(dµ)〉R = b
2
n(dµ)βn(dµ), (2.27)
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therefore, by (2.21) and (2.23),
an(dµ) = a
(0)
n , bn(dµ) = b
(0)
n , βn(dµ) = β
(0)
n . (2.28)

Remark 2.2. Only for the sequence of three-tuples (a
(0)
n , b
(0)
n , β
(0)
n ) fulfilling (2.1), to
get (2.28), the measure dµ is not unique since the sequence can definitely determine
Verblunsky coefficients with odd subscript but ones with even subscript from the
above proof.
For n ∈ N, set
ın(dµ) = 〈
zn + z−n
2
, (a
(0)
n−1)
−1σn−1(dµ)〉R, (2.29)
n(dµ) = 〈
zn + z−n
2
, (b
(0)
n−1)
−1πn−1(dµ)〉R, (2.30)
ςn(dµ) = 〈
zn − z−n
2i
, (a
(0)
n−1)
−1σn−1(dµ)〉R, (2.31)
and
ζn(dµ) = 〈
zn − z−n
2i
, (b
(0)
n−1)
−1πn−1(dµ)〉R. (2.32)
Then the measure dµ is unique for the sequence of seven-tuples
(a(0)n , b
(0)
n , β
(0)
n , ın(dµ), n(dµ), ςn(dµ), ζn(dµ)) (2.33)
satisfying (2.1) by Theorem 1.4 and Verblunsky theorem. Since dµ is dependent
on (a
(0)
n , b
(0)
n , β
(0)
n ) and ın(dµ), n(dµ), ςn(dµ), ζn(dµ) are dependent on dµ, a
(0)
n and
b
(0)
n , then the sequence of seven-tuples (2.33) satisfying (2.1) is dependent on the
sequence of three-tuples (a
(0)
n , b
(0)
n , β
(0)
n ) fulfilling (2.1). Considering the uniqueness
of dµ for the sequence of (2.33) with (2.1), we call that dµ is selectively unique
for the sequence {(a
(0)
n , b
(0)
n , β
(0)
n )}∞n=0 satisfying (2.1) and a
(0)
n , b
(0)
n > 0 as well as
a
(0)
0 , b
(0)
0 = 1 and β
(0)
0 = 0.
2.2. Baxter Theorem. Let
cn =
∫
∂D
τndµ(τ), n ∈ N ∪ {0} (2.34)
be moments of µ, Baxter theorem for OPUC states that
∑∞
n=0 |αn| < 0 if and only if∑∞
n=0 |cn| < 0 and dµ(τ) = w(τ)
dτ
2piiτ with w(τ) continuous and minτ∈∂Dw(τ) > 0.
For orthogonal trigonometric polynomials, we have
Theorem 2.3 (Baxter theorem for OTP). Let µ be a nontrivial probability measure
on ∂D, an, bn, βn be the associated coefficients given in (1.11)-(1.13) and cn be the
moments of µ defined by (2.34), then
∞∑
n=0
√
1−
1
4
[a−2n (1 + β2n) + b
−2
n ][a2n+1 + b
2
n+1(1 + β
2
n+1)]
+
∞∑
n=0
√
a4n + b
4
n(1 + β
2
n)
2 + 2a2nb
2
n(β
2
n − 1)
a4n + b
4
n(1 + β
2
n)
2 + 2a2nb
2
n(β
2
n + 1)
<∞ (2.35)
is equivalent to
∑∞
n=0 |cn| < 0 and dµ(τ) = w(τ)
dτ
2piiτ with w(τ) continuous and
minτ∈∂Dw(τ) > 0.
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Proof. It immediately follows from Theorem 1.3, 1.4 and 1.7 as well as the Baxter
theorem for OPUC. 
2.3. Geronimus Theorem. To discuss Geronimus theorem, it is necessary to in-
troduce some basic notions of Schur algorithm (see [4]).
An analytic function F on D is called a Carathe´odory function if and only if
F (0) = 1 and ℜF (z) > 0 on D. An analytic function f on D is called a Schur
function if and only if supz∈D |f(z)| < 1. Let
F (z) =
∫
∂D
τ + z
τ − z
dµ(τ) (2.36)
be an associated Carathe´odory function of µ, then
f(z) =
1
z
F (z)− 1
F (z) + 1
(2.37)
is a Schur function related to µ.
Starting with a Schur function f0, Schur algorithm actually provides an approach
to continuously map one Schur function to another by a series of transforms of the
form 

fn+1(z) =
1
z
fn(z)− γn
1− γnfn(z)
,
γn = fn(0).
(2.38)
fn are called Schur iterates and γn are called Schur parameters associated to f0.
Due to Schur, it is well known that there is a one to one correspondence between
the set of Schur functions which are not finite Blaschke products and the set of
sequences of {γn}
∞
n=0 in D. Geronimus theorem for OPUC asserts that if µ is a
nontrivial probability measure on ∂D, the Schur parameters {γn}
∞
n=0 associated
to f0 related to µ by (2.36) and (2.37) are identical to the Verblunsky coefficients
{αn}
∞
n=0.
For orthogonal trigonometric polynomials, we have
Theorem 2.4 (Geronimus theorem for OTP). Let µ be a nontrivial probability
measure on ∂D, if γn are Schur parameters and an, bn, βn, ın, n, ςn, ζn are
coefficients associated to µ defined by (1.11)-(1.15), then
γ2n−1 =
a2n − b
2
n(1− β
2
n)
a2n + b
2
n(1 + β
2
n)
−
2b2nβn
a2n + b
2
n(1 + β
2
n)
i (2.39)
and
γ2n−2 =
1
2
(ın − ζn + βn−1ςn)−
1
2
(n + ςn − βn−1ın)i (2.40)
for n ∈ N.
Proof. It follows from Theorem 1.3 and 1.4 as well as Geronimus theorem for OPUC.

2.4. Rakhmanov Theorem and Szego¨ Theorem. Let dµ have the decomposi-
tion form (1.1), {αn}
∞
n=0 be the Verblunsky coefficients of µ, Rakhmanov theorem
for OPUC states that if w(τ) > 0 for a.e. τ ∈ ∂D, then limn→∞ |αn| = 0. From
this theorem, the OTP version of Rakhmanov theorem is the following
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Theorem 2.5 (Rakhmanov theorem for OTP). Let µ be a nontrivial probabil-
ity measure on ∂D with the decomposition form (1.1), an, bn, βn be the associated
coefficients of µ given in (1.11)-(1.13). If w(τ) > 0 for a.e. τ ∈ ∂D, then
lim
n→∞
a4n + b
4
n(1 + β
2
n)
2 + 2a2nb
2
n(β
2
n − 1)
a4n + b
4
n(1 + β
2
n)
2 + 2a2nb
2
n(β
2
n + 1)
= 0 (2.41)
and
lim
n→∞
1
4
[a−2n (1 + β
2
n) + b
−2
n ][a
2
n+1 + b
2
n+1(1 + β
2
n+1)] = 1. (2.42)
Proof. Immediate from Theorem 1.3, 1.4, 1.7 and Rakhmanov theorem for OPUC.

Szego¨ theorem for OPUC shows that
∞∏
n=0
(1 − |αn|
2) = exp
( 1
2πi
∫
∂D
logw(τ)
dτ
τ
)
. (2.43)
Especially,
∞∑
n=0
|αn|
2 <∞⇐⇒
1
2πi
∫
∂D
logw(τ)
dτ
τ
> −∞. (2.44)
Its analog for OTP is
Theorem 2.6 (Szego¨ theorem for OTP). Let µ be a nontrivial probability measure
on ∂D with the decomposition form (1.1), an, bn, βn be the associated coefficients of
µ given in (1.11)-(1.13). Then
∞∏
n=0
a2n+1 + b
2
n+1(1 + β
2
n+1)
a2n + b
2
n(1 + β
2
n)
= exp
( 1
2πi
∫
∂D
logw(τ)
dτ
τ
)
. (2.45)
In particular,
∞∑
n=0
{
1−
1
4
[a−2n (1 + β
2
n) + b
−2
n ][a
2
n+1 + b
2
n+1(1 + β
2
n+1)]
}
+
∞∑
n=0
a4n + b
4
n(1 + β
2
n)
2 + 2a2nb
2
n(β
2
n − 1)
a4n + b
4
n(1 + β
2
n)
2 + 2a2nb
2
n(β
2
n + 1)
<∞ (2.46)
is equivalent to
1
2πi
∫
∂D
logw(τ)
dτ
τ
> −∞.
Proof. By Theorem 1.3, 1.4, 1.7 and Szego¨ theorem for OPUC. 
2.5. The Strong Szego¨ Theorem. Let dµ have the decomposition form (1.1)
satisfying the Szego¨ condition
1
2πi
∫
∂D
logw(τ)
dτ
τ
> −∞, (2.47)
it is accustomed to introduce the Szego¨ function as follows
D(z) = exp
( 1
4πi
∫
∂D
τ + z
τ − z
logw(τ)
dτ
τ
)
. (2.48)
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It is easy to get that D(z) is analytic and nonvanishing in D, lies in the hardy space
H2(D) and limr↑1D(rτ) = D(τ) for a.e. τ ∈ ∂D as well as |D(τ)|
2 = w(τ). Let
D(z) = exp
(1
2
Lˆ0 +
∞∑
n=1
Lˆnz
n
)
, z ∈ D. (2.49)
Due to Ibragimov, the sharpest form of the strong Szego¨ theorem for OPUC (see
[4]) says that
∞∑
n=0
n|αn|
2 <∞⇐⇒ dµs = 0 and
∞∑
n=0
n|Lˆn|
2 <∞. (2.50)
The corresponding result for OTP can be stated as follows
Theorem 2.7 (The strong Szego¨ theorem for OTP). Let µ be a nontrivial probabil-
ity measure on ∂D with the decomposition form (1.1) satisfying the Szego¨ cindition
(2.47), an, bn, βn be the associated coefficients of µ given in (1.11)-(1.13), and
{Lˆn}
∞
n=0 be the Taylor coefficients of the Szego¨ function D(z) at z = 0 which are
defined by (2.48) and (2.49). Then
∞∑
n=0
2n
{
1−
1
4
[a−2n (1 + β
2
n) + b
−2
n ][a
2
n+1 + b
2
n+1(1 + β
2
n+1)]
}
+
∞∑
n=0
(2n− 1)
{
a4n + b
4
n(1 + β
2
n)
2 + 2a2nb
2
n(β
2
n − 1)
a4n + b
4
n(1 + β
2
n)
2 + 2a2nb
2
n(β
2
n + 1)
}
<∞ (2.51)
is equivalent to dµs = 0 and
∑∞
n=0 n|Lˆn|
2 <∞.
Proof. From Theorem 1.3, 1.4, 1.7 and the strong Szego¨ theorem for OPUC of the
form (2.50). 
In the above, by the mutual representation theorem for OTP and OPUC, we give
some analogous theorems for orthogonal trigonometric polynomials corresponding
to ones for orthogonal polynomials on the unit circle. In fact, by the mutual
representation theorem, we can obtain more corresponding results for orthogonal
trigonometric polynomials. For example, the important and useful Bernstein-Szego¨
measure can be expressed in terms of orthogonal trigonometric polynomials as
follows
dµn =


a2m + b
2
m(1 + β
2
m)
|amσm(θ) + (βm + i)bmπm(θ)|2
dθ
2π
, n = 2m− 1,
a2mb
2
m
a2m + b
2
m(1 + β
2
m)
1
|a−1m (βm − i)σm(θ)− b
−1
m πm(θ)|2
dθ
2π
, n = 2m.
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